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OF TURBULENT TRANSFER 
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A number of authors have critically examined semiempiricaI mixing 
length theories [i]. A defect of these theories is connected with the 
fact that the magnitude of the mixing length, which is assumed to 
be small in constructing the theory, turns out in experiments to be 
comparable with the characteristic dimensions of the flow region. 
Thus, the concept of "volume convection" [2-4] or "integral dif- 
fusion ~ [5], which is understood to be a transfer mechanism in which 
the friction stress is not expressed in terms of the velocity gradient, 
is introduced along with the concept of "gradient diffusion." In ad- 
dition, there are a number of experimental papers [6] in which it 
is shown that  the turbulent friction stress cannot be equal to zero at 
the place in the flow where the derivative of the velocity is equal 
to zero. "Mixing length" theory does not describe this effect. 

It is possible to generalize mixing length theory [7-9] in a way 
which eliminates these defects. Flow of an incompressible fluid is 
considered. 

1. M o d e l  of t u r b u l e n t  t r a n s f e r .  T h e  f o l l o w i n g  f low 
s c h e m e  is  a d o p t e d .  A s  a r e s u l t  of i n s t a b i l i t y ,  e d d i e s  

a r e  g e n e r a t e d  w h i c h  h a v e  d i m e n s i o n s  on t h e  o r d e r  of 

t h e  c h a r a c t e r i s t i c  d i m e n s i o n  of t h e  f low in t h i s  f low 
r e g i o n .  A s  t h e  g e n e r a t e d  eddy ,  o r  " m o l e "  i s  d i s -  

p l a c e d  in t h e  f low,  i t  i s  " s t r i p p e d "  b y  t h e  e n v i r o n -  

m e n t ,  w i t h  t h e  r e s u l t  t h a t  t h e r e  i s  an  e x c h a n g e  of 

m o m e n t u m  a n d  h e a t .  T h i s  p i c t u r e  of e d d i e s  {moles )  

a p p e a r i n g  in  l a y e r s  w i t h  a l a r g e  v e l o c i t y  g r a d i e n t  and  

p e n e t r a t i n g  t h e  f low is  w i d e s p r e a d .  

We  s h a l l  a s s u m e  t h a t  t h e  g e n e r a t i o n  of a m o l e  i s  

c h a r a c t e r i z e d  b y  t h e  l o c a l  R e y n o l d s  n u m b e r  i n t r o -  

d u c e d  b y  L. G. L o i t s y a n s k i i  [10], w h i c h  i s  m a d e  up 

of t h e  c h a r a c t e r i s t i c  r a t e  of g e n e r a t i o n  of p u l s a t i n g  

m o t i o n  C* ' ,  t h e  c h a r a c t e r i s t i c  d i m e n s i o n  l ' ,  i d e n t i -  

f i ed  l a t e r  w i t h  t h e  " m i x i n g  l e n g t h "  o r  w i t h  t h e  " f r e e  

p a t h "  of t h e  m o l e ,  a n d  t h e  v i s c o s i t y  of t h e  f l u i d  v 

R§ = l ' C . '  / v .  

If t h i s  n u m b e r  i s  g r e a t e r  t h a n  s o m e  q u a n t i t y  R +, 

t h e n  m o l e s  w i l l  b e  g e n e r a t e d  in  t h e  f low. 
The reasoning in regard to the existence of a critical value R + 

in connection with the dimensions of the "laminar" sublayer is given 
in [10-12].  The layer of the flow in which "moles" are generated 
is characterized by large values of the velocity gradient. In this 
iayer, the free path l' may be quite smai1; then such a layer can 
be called "equilibrium," and the Prandtl theory of mixing length 
will be vaiid. Moles will fly out of this layer so that their inter- 
action with the medium creates transfer of momentum and heat. 
Their propagation is characterized by a certain probability of inter- 
action between two points and the friction stress or the heat flux 
density is characterized in the general case by integrals over the 
entire volume from the sources of "moles," with the corresponding 
probabilities taken into consideration. 

L e t  us  c o n s i d e r  a u n i t  a r e a  a b o u t  s o m e  p o i n t  in  

t h e  f low M 0 o r i e n t e d  p e r p e n d i c u l a r  to  t h e  y - a x i s  a n d  

m o v i n g  a t  t h e  s p e e d  of a v e r a g e d  m o t i o n  a t  t h i s  p o i n t  

[7] { l a t e r  w e  s h a l l  m a k e  u s e  of t h e  m o d i f i e d  s c h e m e  

of N. I. B u l e e v  f o r  c o n s t r u c t i n g  t h e  t u r b u l e n t  s t r e s s  

t e n s o r ) .  T h e  m o l e  w h i c h  h a s  l e f t  t h e  n e i g h b o r h o o d  of 

p o i n t  M 0 c r e a t e s  t h e  f o l l o w i n g  p u l s a t i o n s  in  p a s s i n g  
t h r o u g h  t h i s  a r e a :  

u '  ~ C . '  cos (s, x) + u (M) - u (M0), 

v' "~ C , '  cos (s, y) + v (M) - -  v (M0). (1.1) 

I t  i s  a s s u m e d  t h a t  t h e  m o l e s  f ly  out  e v e n l y  in a l l  
d i r e c t i o n s  f r o m  t h e  p o i n t  M. 

T h e  p a s s i n g  m o l e  c o n t r i b u t e s  to  t h e  f r i c t i o n  s t r e s s  

(pe r  u n i t  m a s s )  

d ( u ' v ' ) =  [C. 'cos(s , z )  + u (M)  - 

- -  u ( M o ) l [ C . '  cos(s,g) + v(M) - -  

M 
d_~Q d s  (1.2) - v( 0)]oxp(- f 

M0 

w h e r e  t h e  f a c t o r  in  t h e  f o r m  of a n  e x p o n e n t  c h a r a c -  

t e r i z e s  t h e  p r o b a b i l i t y  t h a t  t h e  m o l e  w i l l  m o v e  f r o m  

one  p o i n t  M to  p o i n t  M0, o r  t he  v a l u e  of t h e  p a r t  of 
t h e  m o l e  w h i c h  r e a c h e s  t h e  po in t ,  o r  t h e  v a l u e  of t h e  

i n t e r a c t i o n  of t h e  m o l e  w i t h  t he  e n v i r o n m e n t .  

T h e  t o t a l  v a l u e  of t h e  f r i c t i o n  f o r c e  i s  o b t a i n e d  

f r o m  s u m m i n g  t h e  c o n t r i b u t i o n s  m a d e  b y  a l l  " m o l e s "  
c o  

o 

t h e  o t h e r  c o m p o n e n t s  of t h e  t e n s o r  a r e  w r i t t e n  in  a 

l i k e  m a n n e r .  

W h e n  l '  ~ 0, we  c a n  p a s s  to  t h e  l i m i t ,  e x p a n d i n g  

t h e  q u a n t i s  u(M) a n d  v(M) in  T a y l o r  s e r i e s .  We  

o b t a i n  

3 

( u ' u ' )  6*"2 - - 2  c . ' r  Ou e tc .  
= 3 - : V  o~ 

t h a t  i s ,  we  a r r i v e  a t  t h e  u s u a l  f o r m  of t h e  c o n n e c t i o n  

b e t w e e n  t h e  a d d i t i o n a l  s t r e s s e s  a n d  t h e  s t r a i n  r a t e  

t e n s o r  c o i n c i d i n g  w i t h  t h e  a s s u m p t i o n  of i s o t r o p i c i t y  

of  t h e  q u a n t i t y  l '  [13]. 

T h e  m o d e l  c o n s i d e r e d  h e r e  {1.3) i s  a l s o  c a l l e d  i n -  

t e g r a l  d i f f u s i o n .  T h i s  m o d e l  i n c l u d e s  a n i s o t r o p y  of 

t r a n s f e r  in  d i f f e r e n t  d i r e c t i o n s ,  a s  t h e  p r o b a b i l i t y  of 

i n t e r a c t i o n  d e p e n d s  on t h e  " o p t i c a l  t h i c k n e s s "  

7 -  
0 

w h i c h  i s  d i f f e r e n t  a l o n g  r a y s  g o i n g  in  d i f f e r e n t  d i r e e -  

t i o n s .  
T h e  v a l u e  of t h e  f r i c t i o n  s t r e s s  i s  no t  d i r e c t l y  c o n -  

n e c t e d  w i t h  t h e  v e l o c i t y  g r a d i e n t .  If  t h e  v e l o c i t y  p r o -  

f i l e  i s  no t  s y m m e t r i c ,  t h e  f r i c t i o n a l  s t r e s s  i s  no t  
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n e c e s s a r i l y  equal  to ze ro  at that  point in the  flow 
where  the de r iva t i ve  of the ve loc i ty  is  zero .  

o2 / 
/ / '  0.1 / ~""-- 

f 

1 gl#,  r~ G 0 

Fig.  1. D i s t r i bu t ion  of e+/r0 + a c r o s s  the 
channel .  

In the  p lane  ca se ,  the e x p r e s s i o n s  for  the f r i c t i o n  
s t r e s s  and heat  flux dens i ty  a r e  of the f o r m  

co y y0 

2 " " "~  
yc, yo - c o  
co y yo 

qY = P i C*Cp [T (y)--  T (Yo)l 
2Pi E~ ~ ) ?  q-p I " ' "  (1.4) 

yo yo --oo 

w h e r e  the tu rbu len t  P rand t l  number  Pi  is  in t roduced .  
The e x p r e s s i o n  (1.4) can be s i m p l i f i e d  if  we a v e r -  

age over  the  angle  cos  0 = 2/3,  

":~u=P [u (~) - -  u (g) l - ~  e x p  ( - -  ~ -2 - /  l 
--oo 

i [U  (~) - -  ( y ) ]  C ,  [ - -  ~ dz~ d~ etc.  (1.5) p u ~ exp \ j l / l 
Y Y 

In many  c a s e s ,  we may  not be i n t e r e s t e d  in e f fec ts  
p roduced  by flow a s y m m e t r y ,  and can s i m p l i f y  the  
obta ined  e x p r e s s i o n s ,  expanding the d i f f e r ences  Au 
and AT into s e r i e s  [7] 

du 'pCp~ dT 
V x u ~ - ~ - - P S ~  ' q Y " ~ - -  Pz dy ' (1.6) 

y 

2. Va lues  of the  "mix ing  length"  and r a t e  of gen -  
e ra t ion .  T h e r e  a r e  " m o l e s "  of v a r i o u s  s i z e s  at  e v e r y  
point  in the  flow. In p r i n c i p l e ,  the  p r o b l e m  can  be  
c o m p l i c a t e d  by in t roduc ing  d i s t r i bu t i on  a c c o r d i n g  to 
s c a l e s .  However ,  we sha l l  r e s t r i c t  o u r s e l v e s  to con-  
s i d e r i n g  the mos t  c h a r a c t e r i s t i c  d imens ion  as  be ing  
somehow connec ted  with the  p r o p e r t i e s  of the  d i s t r i -  
but ion of the v e l o c i t y  f i e ld  o r  with the  c h a r a c t e r i s t i c  
d imens ion  of the "gene ra t i ng"  l a y e r  in the f r e e  j e t  
and with the  d i s t a n c e  to the  wal l  bounding the flow, 
which r e g u l a t e s  the  s i ze  of the m o l e s  in the flow. 

We sha l l  t ake  the  r e l a t i o n s h i p  p r o p o s e d  by  A. M. 
Obukhov [14] as  the  s c a l e  l.  It i s  a s s u m e d  tha t  the  
s c a l e  d i s t r i b u t i o n  i s  d e t e r m i n e d  only by  the g e o m e t -  
r i c a l  p r o p e r t i e s  of the  channel  and tha t  the  hyp o the s i s  

of loca l  s i m i l a r i t y  is  u t i l ized.  At this  point,  we in-  
t roduce  the i n t e r i o r  flow geome t ry ,  an e l emen t  of 
which da = 1-1 ds co inc ides  with the quant i ty  / - l d s  
c h a r a c t e r i z i n g  the p robab i l i t y  of i n t e r ac t ion  i n t r o -  
duced in the model  under  cons idera t ion .  The author  
a l so  pointed out the flow an i so t ropy  appea r ing  in th is  
connection.  

The sca l e  d i s t r ibu t ion  is d e t e r m i n e d  with a c c u r a c y  
to a cons tant  in the following cases :  

l = kg  fo r  the ha l f -p lane ,  

l 2k / m ~ for  a p lane s l i t  with the 
-~ = -~- cos [ ~ )  width 2h, 

[ ( r ) 2 ]  for  a e i r c u l a r p i p e o f  
z _ k  I - -  

r0 2 ~ r ad ius  r 0. (2.1) 

Here  r and z a r e  the d i s t ances  f rom the axis  and 
the midd le  plane.  These  d i s t r i bu t ions  a g r e e  quite wel l  
with the g e n e r a l l y  used  e x p r e s s i o n s  for  the  "mix ing  
length." 

On c o m p a r i n g  the e x p r e s s i o n  for  Txy in the gen-  
e r a t i ng  l a y e r  when l ~ 0 with the e x p r e s s i o n  in ac -  
c o r d a n c e  with P r a n d t l ' s  mix ing  length theory ,  we find 
tha t  the quant i ty  C .  i s  p r o p o r t i o n a l  to the  f r i c t ion  
v e l o c i t y  V . .  We sha l l  accep t  a s  a hypo thes i s  tha t  the 
fol lowing r e l a t i o n s h i p  i s  va l id  for  C , :  

C .  = C0 ~ I/P (Co = co~t). 

Here  T T i s  the  Reynolds  f r i c t i ona l  s t r e s s .  This  
e x p r e s s i o n  can  be  ex tended  to the t h r e e - d i m e n s i o n a l  
case .  

Bearing in mind that "mixing length" theory de- 
scribes turbulent transfer in the generating layer 
sufficiently well, one may expect this assumption to 
yield satisfactory results in the integral diffusion 
model also. 

The hypotheses enumerated here on the relation- 
ship for  l ,  on the  r e l a t i o n s h i p  fo r  C , ,  on the  e x i s -  
t ence  of the  c r i t i c a l  loca l  Reynolds  n u m b e r  R +, and 
the  use  of the t u rbu len t  P r a n d t l  n u m b e r  Pi  a r e  suf -  
f i c ien t  to c l o s e  the s y s t e m  of equat ions .  

The cons tan t s  k, Co, R +, and P t  i n t roduced  h e r e  
should  be d e t e r m i n e d  f r o m  e x p e r i m e n t a l  data.  

3. Boundary  l a y e r  on a f la t  p la te .  Close  to the  
wal l ,  w h e r e  the mix ing  length  is  shor t ,  the  va lue  of 
the  f r i c t i o n a l  s t r e s s  i s  a p p r o x i m a t e l y  cons tant .  

Then 

+~ ~U ~ 
"~p - V * *  (1 + 8 ) ~ - +  = - -  V ,  2 , 

y+ ~ yV,_ tt + u 

Here  y is  the  d i s t a n c e  f r o m  the wal l  ( l  = ky), and 
the r a t e  of g e n e r a t i o n  i s  cons tan t  when y+ > y+ and 
equal  to z e r o  when y+ < y+. 

In a c c o r d a n c e  with th i s ,  we obtain the  fo l lowing 
e x p r e s s i o n s  for  e+: 

-ky+ J + - - ] w h e n  > <3 
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2kCo y+ when Y+ s+ -> (t - k~)--~ ~ >~ t (3.2) 

~+4 yo + [( y+ ~ 1 / ~  ( i  ~+ ~/~+~ 
,0 - - ' - - ' L \ y 0 * !  '--k)(-y~-0+) ] when y+ <y'+(3"3) 

y0 + Co ( y+ ~x/~ y+ 
C--~ ~ _  k ~ -  \ y-T] when y0---; ~ .1 .  (3.4) 

There  are  data (refer ,  for example  to [15, 16]) on 
the behav ior  of the tu rbu len t  heat conduct iv i ty :  

8+ __ a ~ (y+)4 when y+-, O. P1 

Thus,  a = 0.124 according  to De i s s l e r ,  a = 0.09 
according  to Spalding; it is accepted below that a = 
= 0.106. 

Compar ing  fo rmula  {3.4) for e + with this re la t ion  
and fo rmula  (3.2) for e + with the r e l a t ion  e + = 0.40 y+, 
we obtain 

k = 0.25, Co = 3, go + = 20. 

The value of P1 was taken to be equal to 0.71. 
The dependence of ~+ on y+, the ve loc i ty  prof i le  in 

the boundary  layer ,  and the data on heat t r a n s f e r  at 
l a rge  va lues  of the Prand t l  n u m b e r  agree  sa t i s fac to -  
r i ly  with the data p r e sen t ed  in [15]. The cons tan ts  
de t e rmined  by these  data will  be used in solving other  
p rob lems .  

4. Flow in a flat  channel  and Couette flow. The 
d i s t r ibu t ion  of the mixing  length is given by fo rmula  
(2.1). Fo r  flow in a flat  channel  

y ~'T 8 + y 

Making use of this  exp re s s ion  and fo rmulas  (3.1) 
and (3.3) for  e +, we find the d i s t r ibu t ion  of e+ ac ros s  
the channel  (Fig. 1, cu rve  1 (h + = 250)) and the ve loc-  
i ty d i s t r i bu t ion  which ag rees  well  with the d i s t r i b u -  
t ion u + = 5.1 + 2.5 In y+. 

% 

g . 8  
-5- 

• A 

zz l u, 

Fig. 2. Veloci ty  d i s t r ibu t ion :  1 ) K a r m a n  
(1937)--with a c c u r a c y  to the cons tan t  Cf = 
= 0.0042; 2) Pal  (1952); 3) Munk (1955); 4) 
Re ichard t  (1955); 5) Robe r t son  (1957); 6) 
Wu (1958); 7) W u - R o b e r t s o n  (1958); 8) ex- 
p e r i m e n t a l  data of [17]; 9) cu rve  f rom ca l -  

cu la t ions  by the p r e s e n t  method. 

The p rob lems  cons idered  up to this t ime  are also 
solved by making use of the usual  mixing length theory 
with cor responding  choice of the constants  and the 
given re la t ionsh ip  e+(Y+). Thus, in these cases ,  we 
m e r e l y  ver i f ied  the fact that the in tegra l  diffusion 
model produces  a sa t i s fac to ry  solution. 

~ 

o.oo? 

~ ;J  Io ~ lo 5 

Fig. 3. The derivatives of the velocity profile 
and of the resistance coefficient (solid curves-- 
calculations by the present method, dashed 
curves--in accordance with the mixing length 
theory; 0 are experimental points, data from 

[17]). 

Belov~ we shall consider turbulent Couette flow 
which the mixing length theory with constants chosen 
for the problem of the boundary layer does not solve 
satisfactorily--the constant characterizing the value 
of turbulent viscosity must be almost doubled [17]. 

This problem was solved as an approximation to 
integral diffusion. The turbulent friction stress close 
to the wall is determined by the formula 

~r E + 

the value of e + is again de t e rmined  by fo rmulas  (3.1) 
and (3.3); it is g iven in Fig.  1 (curve 2, h + = 250). In 
the core  of the flow, the value of e + for  Couette flow 
is a lmos t  double the value of ~+ for  flow in a flat chan-  
nel.  The d i f ference  appears  in these  cases  in the dif- 
fe ren t  d i s t r ibu t ion  of the genera t ing  ra te  C* in the 
t r a n s v e r s e  sect ion.  

Having the d i s t r ibu t ion  e +, we can  obtain an ex-  
p r e s s i o n  for the slope of the veloci ty  at the cen t e r  

= h_L+ (du+~ 
u l  + \dy*h 

and the r e s i s t a n c e  coeff ic ient  

~w 2 

f rom R~ = u+h +, where  U is the value of the flow ve loc-  
i ty on the axis.  

F igu re  2 shows the veloci ty  d i s t r ibu t ion  when R t = 
= 104 and p r e s e n t s  a c o m p a r i s o n  of the obtained de- 
pendence  with e x p e r i m e n t a l  data and di f ferent  so lu-  
t ions  [17]. F i g u r e  3 p r e s e n t s  a c o m p a r i s o n  of the 
r e l a t i onsh ips  S and Cf. 

It can be s een  f rom a c o m p a r i s o n  of the solut ion 
obtained he re  with expe r imen ta l  data that the a g r e e -  
ment  of the ve loc i ty  prof i le  and the va lue  of S is suf-  
f ic ien t ly  good, and the va lue  of Cf obtained in the 
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calculations was 10~ less than that from the experi- 
mental relationship. If we recall that the values of 
the constants did not change, this agreement can be 
considered satisfactory. 

REFERENCES 

i. G. K. Batchelor, "Note on free turbulent 

flows with special reference to the two-dimensional 
wake," J. Aeronaut. Sci., vol. 17, no. 3, pp. 441- 
445, 1950. 

2. A. A. Townsend, Structure of Turbulent Shear 
Flow ]Russian translation], Izd. inostr, lit, 1959. 

3. G. B. Schubauer and K. M. Cheng, "Turbu- 
lent flow," in: Turbulent Flows and Heat Transfer  
]Russian translation], edited by C. C. Lin, chapter 
II, Izd. inostr, lit, pp. 83-205, 1963. 

4. J. O. Hinze, Turbulence |Russian translation], 
Fizmatgiz, 1963. 

5. I. C. Schhnfeld, "Integral diffusivity," J. Geo- 
phys. Res. ,  vol. 67, no. 8, pp. 3187-3199, 1962. 

6. W. H. Sehwarz and W. P. Cosart, "The two- 
dimensional turbulent walt-jet," J. Fluid Mech., vol. 
10, part 4, pp. 481-495, 1961. 

7. N. I. Buleev, "A theoretical model of the 
mechanism of turbulent exchange in fluid flows," in: 
Heat Transfer  |in Russian], Izd-vo AN SSSR, pp. 64-  
98, 1962. 

8. A. T. Onufriev, "A model of nonequilibrium 
processes  in some problems of continuum mechanics," 
PMTF, no. 1, pp. 47-56, 1963. 

9. E. A. Spiegel, "A generalization of the mixing- 
length theory of turbulent convection," Astrophys. J . ,  
vol. 138, no. 1, pp. 216-225, 1963. 

10. L. G. Loitsyanskii, "Turbulent motion of a 
fluid and the internal problem," Izvestiya NII gidro- 
teckhniki, vol. 9, pp. 1-30, 1933. 

11. M. A. Velikanov, Dynamics of Channel Flows 
[in Russian], part I, Gostekhizdat, 1954. 

12. F. Klauser, "The turbulent boundary layer," 
in: Problems of Mechanics [Russian translation], 
Izd. inostr, l i t . ,  no. 2, pp. 297-340, 1959. 

13. A. S. Monin and A. M. Yaglom, Statistical 
tIydromechanics [in Russian], part II, Izd-vo "Nauka," 
1965. 

14. A. M. Obukhov, "The distribution of the 
scale of turbulence in flows of arbi t rary section: '  
PMM, vol. 6, no. 2-3,  pp. 209-220, 1942. 

15. D. B. Spalding, "Heat t ransfer  to an isother-  
mal fiat plate in a turbulent flow," Inzh. -fiz. zh., no. 
3, 1963. 

16. D. B. Spalding, "Investigation of the hea t t rans-  
fer of an isothermal flat plate with turbulent fluid flow," 
Inzh.-fiz.  zh. ,  no. 3, 1963. 

17. I. M. Robertson, On Turbulent Plane-Couette 
Flow, Proc. of the Sixth mid-western Conference of 
fluid mechanics, The University of Texas, USA, pp. 
169-182, 1959. 

29 October 1965 Novosibirsk 


